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a b s t r a c t
Let G be a {C3, . . . , Cs}-free graphwith asmany edges as possible. In this paper we consider
a question studied by several authors, the compulsory existence of the cycle Cs+1 in G. The
answer has already been proved to be affirmative for s = 3, 4, 5, 6. In this work we show
that the girth of G is g(G) = s+1 when the order of G is at least 1+ s

s−2
2
s−2−4
s−4 if s is even,
and 1+
(s−1)3

(s−2)2−1
4
 s−3
2 −8s
2(s−2)2−10 if s is odd. This bound is an improvement of the best general
result so far known. Moreover, we also prove in the case s = 7 that the girth is g(G) = 8
for order at least 14 and characterize all the extremal graphs whose girth is not 8.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
Throughout this paper, only undirected simple graphs without loops or multiple edges are considered. Unless otherwise
stated, we follow [12] for terminology and definitions.
Let V (G) and E(G) denote respectively the set of vertices and edges of a graph G. The order of G is denoted by |V (G)| =
n(G) = n and its size by |E(G)| = e(G) = e. The average degree of a graph is d¯ = d¯(G) = 2e/n. The cycle of length r, r ≥ 3,
is referred as Cr . The girth of a graph G, g(G), is the length of a shortest cycle in G and if G does not contain a cycle, we set
g(G) = ∞.
Let F be a family of graphs. The extremal number ex(n;F ) denotes the maximum number of edges in a graph of order
n that does not contain any graph of F as a subgraph. Therefore, any graph of order n and size ex(n;F ) + 1 contains an
element F ∈ F as a subgraph. The family of graphs of order n and size ex(n;F ) that contain no F ∈ F as a subgraph are
the extremal graphs and they are denoted by EX(n;F ). We refer to them as extremal F -free graphs of order n. This work
deals with ex(n;F )when F = {C3, . . . , Cs}, that is, the extremal function which gives the maximum number of edges of a
simple graph of order n and girth at least s+ 1.
The first theorem in extremal graph theory is Mantel’s 1907 result, which determines that ex(n; {C3}) = ⌊n2/4⌋
(see [20]). The value of ex(n; {C3, C4}) for every n ≤ 30 and n = 50 is determined in [15,16]. In the papers [1,4,15,21]
the authors implement algorithms to construct {C3, C4}-free graphs with as many edges as possible. Using these iterative
processes, they obtain graphs which provide lower bounds on ex(n; {C3, C4}) for orders 31 ≤ n ≤ 200. For s = 5, 6, 7, some
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Table 1
For the given values of s, n, all graphs in EX(n; {C3, . . . , Cs}) have girth s+ 1.
s = 3 n ≥ 4 [20]
s = 4 n = 5 and n ≥ 7 [16]
s = 5 n = 6 and n ≥ 8 [18]
s = 6 n ∈ {7, 10, 12, 13, 14} and n ≥ 16 [1,6,19]
Fig. 1. An extremal graph of EX(15; {C3, . . . , C6}) having girth 8.
exact values of the extremal function are provided in [2] and lower bounds in [1,2,19]. Lower bounds for s ∈ {10, 11} are
also provided in [1]. A result in [18] establishes that ex(2s + 2; {C3, . . . , Cs}) = 2s + 4 for s ≥ 12, and another one in [6]
that ex(n; {C3, . . . , Cs}) = n for s+ 1 ≤ n ≤ ⌊3s/2⌋.
Due to the difficulty that involves the determination of the exact value of the extremal function ex(n; {C3, . . . , Cs}),
structural properties of the extremal graphs have been stated in the papers [3,6,7,15,16,18]. In [6] it is proved that the
diameter of every extremal {C3, . . . , Cs}-free graph is at most s − 1. This property has been very helpful to approach the
question concerning the structure of extremal graphs posed by Garnick and Nieuwejaar in [16]: What is the girth of an
extremal {C3, . . . , Cs}-free graph? Is it always s+ 1 or can it be greater?
For s = 3, 4, 5, 6 this question is already solved and we present in Table 1 the required number of vertices n for a graph
in EX(n; {C3, . . . , Cs}) to have girth s + 1. Fig. 1 shows a graph belonging to EX(15; {C3, . . . , C6}) having girth 8, which is
obtained by subdividing every edge of a complete bipartite K3,3.
In general, in [18] it is proved that the girth of every graph in EX(n; {C3, . . . , Cs}) is s+ 1 whenever its maximum degree
is∆ ≥ s or s ≥ 12 and n ≥ 2a2+a+1sa for a = s− 3− ⌊(s− 2)/4⌋. Recently, in [7], this lower bound on the order of a graph
to guarantee girth s+ 1 has been improved to n ≥ 2(s−2)s−2+s−5s−3 + 1 for s ≥ 7.
Next, we summarize the contribution of this paper to the study of this problem, and in the final section we provide the
proofs.
2. A summary of our main results
First of all, we need to introduce some additional terminology. The distance dG(x, y) between two vertices x and y in G is
the length of a shortest (x, y)-path in G. Moreover, dG(x, S) = min{dG(x, u) : u ∈ V (S)} denotes the distance between
a vertex x ∈ V (G) and a subgraph S of G. For every integer r ≥ 0, the neighborhood of S at distance r is denoted by
Nr(S) = {w ∈ V (G) : dG(w, S) = r}. When the subgraph S is a vertex x or an edge xywe write Nr(x) or Nr(xy) respectively.
Moreover, for r = 1 we write N(S) instead of N1(S). The diameter of a graph G, diam(G) = D, is the maximum distance
between any two vertices in V (G). The degree of a vertex x is δ(x) = |N(x)| and theminimum andmaximum degree of G are
denoted δ(G) = δ and ∆(G) = ∆, respectively. For any edge xy the edge-degree of xy is ξ(xy) = δ(x) + δ(y) − 2. Notice
that ξ(xy) = |N(xy)| when g ≥ 4. The minimum edge-degree of G is ξ(G) = ξ = min{ξ(xy) : xy ∈ E(G)} and the maximum
edge-degree isΞ(G) = Ξ = max{ξ(xy) : xy ∈ E(G)}.
First, we deal with the issue raised in [18]. For a given integer s ≥ 4, what is the largest girth that {C3, . . . , Cs}-free
extremal graphs can have?
Theorem 1. Let s ≥ 4 be an integer. Then,
max

g(G) : G ∈ EX(n; {C3, . . . , Cs}), n ≥ s+ 1
 = min{n, ⌊3s/2⌋}.
From Theorem 1, it follows that every {C3, . . . , Cs}-free extremal graph G has girth g such that s+ 1 ≤ g ≤ ⌊3s/2⌋. Our
next purpose is to establish sufficient conditions to guarantee the existence of a cycle Cs+1 in G. Focusing on the structure
of extremal graphs, in [18], it is proved that every extremal {C3, . . . , Cs}-free graph G with maximum degree∆(G) ≥ s has
girth s+ 1. Next, we improve this result by considering the maximum edge-degreeΞ(G) instead of∆(G).
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Theorem 2. For every integer s ≥ 4, let G be an extremal {C3, . . . , Cs}-free graph with δ(G) ≥ 2. If Ξ(G) ≥ s− 1, then G has
girth s+ 1.
From Theorem 2, a sufficient condition in terms of the average degree follows.
Theorem 3. Every extremal {C3, . . . , Cs}-free graph G with average degree d¯(G) > s/2 has girth s+ 1.
It is known that there exist extremal {C3, . . . , Cs}-free graphs with girth at least s + 2 (see [6,18]). Concerning the
question posed in [16] about what conditions ensure that extremal {C3, . . . , Cs}-free graphs have girth s+ 1, we would like
to remark that it is enough to consider graphs with minimum degree at least 2. In fact, for given integers s ≥ 4, n ≥ s+ 1,
let G ∈ EX(n; {C3, . . . , Cs}) be a graph with minimum degree 1. First, we remove all the vertices in V (G) which are not
contained in any cycle of G. We consider C a cycle of G and a new graph G′ is obtained by subdividing any edge of C as
many times as the number of vertices previously removed. Clearly, this graph G′ contains no vertex of degree 1 and, since
n(G′) = n(G), e(G′) = e(G) and g(G′) ≥ g(G), this graph G′ belongs to EX(n; {C3, . . . , Cs}).
Remark 1. Let s ≥ 4 and n ≥ s+ 1 be given integers. If every graph G in EX(n; {C3, . . . , Cs})with δ(G) ≥ 2 has girth s+ 1,
then any other graph in this set has also girth s+ 1.
In the next theorem we give an upper bound on the order of any graph G in terms of its diameter and its maximum
edge-degree. For two positive integers p and qwith p ≥ 3, we denote
n(p, q) =

(p+ 2)  p2 q − 4
p− 2 if p is even;
(p2 + 4p+ 3)

p2−1
4
 q
2 − (4p+ 8)
p2 − 5 if p is odd and q is even;
(p+ 1)3

p2−1
4
 q−1
2 − 8p− 16
2p2 − 10 if p and q are odd.
(1)
Theorem 4. If G is a graph with diam(G) = D and maximum edge-degreeΞ ≥ 3, then the order of G is at most n(Ξ ,D).
In order to prove our next results, let us now recall some specific properties of the extremal graphs proved in [6,7].
Theorem A. Let G be a {C3, . . . , Cs}-free extremal graph.
(i) [6] The diameter D of G is at most s− 1.
(ii) Suppose that D = s − 1 and let x, y ∈ V (G) be such that dG(x, y) = D, [7] if g(G) ≥ s + 2, then V (G) \ {x, y} = {u :
dG(x, u)+ dG(u, y) = s− 1}, [6] every vertex u ∈ N⌊D/2⌋(x) ∪ N⌊D/2⌋(y) has degree δ(u) = 2.
Theorem A, together with Theorems 2 and 4, allow us to obtain a lower bound on the order of G that guarantees the
existence of a cycle of length s+ 1 in G.
Theorem 5. For an integer s ≥ 5, we consider
n1(s) =

s
 s−2
2
s−2 − 4
s− 4 if s is even;
(s− 1)3

(s−2)2−1
4
 s−3
2 − 8s
2(s− 2)2 − 10 if s is odd.
Every graph in EX (n; {C3, . . . , Cs}) with order n ≥ 1+ n1(s) has girth s+ 1.
Next, we establish a lower bound on the maximum edge-degree of a graph to guarantee that its girth is at most s+ 2.
Theorem 6. For an integer s ≥ 7, let G be an extremal {C3, . . . , Cs}-free graph with δ(G) ≥ 2. If Ξ(G) ≥ ⌈(s + 1)/2⌉, then
g(G) ≤ s+ 2.
Finally, combining Theorems 6 and A, and following the same lines of reasoning as in Theorem 5, it is immediate to obtain
a lower bound on the order of a graph to make sure that its girth is at most s+ 2. Thus, the proof is omitted.
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Theorem 7. For an integer s ≥ 7, we consider
n2(s) =

(s+ 4)  s4 s−2 − 8
s− 4 if s ≡ 0 (mod 4);
(s+ 3)  s−14 s−2 − 8
s− 5 if s ≡ 1 (mod 4);
(s2 + 8s+ 12)

s2−4
16
 s−2
2 − 8s− 32
s2 − 20 if s ≡ 2 (mod 4);
(s+ 1)3

s2−2s−3
16
 s−3
2 − 32s− 96
4(s2 − 2s− 19) if s ≡ 3 (mod 4).
Every graph in EX (n; {C3, . . . , Cs}) with order n ≥ 1+ n2(s) has girth at most s+ 2.
Theorems 5 and 7 represent an improvement on the results obtained in [7,18] to guarantee that {C3, . . . , Cs}-free graphs
have either girth s+ 1 or s+ 2. For instance, in [7], for s = 7 and s = 8 only extremal graphs with at least 1564 and 18664
vertices respectively are known to have girth s+ 1. For the same values of s, Theorems 5 and 7 provide better bounds.
Corollary 1. Let G be a graph in EX (n; {C3, . . . , Cs}).
If s = 7, then g(G) =

8, 9 if 28 ≤ n ≤ 193;
8 if n ≥ 194.
If s = 8, then g(G) =

9, 10 if 191 ≤ n ≤ 1457;
9 if n ≥ 1458.
When s ∈ {3, 4, 5, 6} (see Table 1), the orders n for which every graph in EX(n; {C3, . . . , Cs}) has girth s + 1 have been
already determined. We finish the paper showing that graphs in EX(n; {C3, . . . , C7}) with more than 14 vertices contain
necessarily a cycle of length 8. In order to do that we need to recall some concepts.
An (r; g)-cage G is an r-regular graph of girth g with the fewest possible number of vertices. Counting the number of
vertices in the distance partition with respect to a vertex or an edge of G a lower bound n0(r; g) on its order is found.
n(G) ≥ n0(r; g) =

1+ r + r(r − 1)+ · · · + r(r − 1)(g−3)/2 if g is odd;
2(1+ (r − 1)+ · · · + (r − 1)g/2−1) if g is even. (2)
An (r; g)-cage with n0(r; g) vertices is called a minimal cage. Due to the results of Hoffman and Singleton [17],
Damerell [13] and Bannai and Ito [8] on the existence of Moore graphs, we know that minimal (r; g)-cages for odd girth
g > 3 exist when g = 5 and r is equal to 2, 3, 5, or possibly 57. The complete bipartite graphs Kr,r are minimal cages for
g = 4, and the results by Feit and Higman [14] on generalized polygons prove that minimal (r; g)-cages for even girth exist
only when g is equal to 6, 8 or 12. These graphs have been constructed when r = q+ 1 being q a prime power [9–11].
Alon et al. extended in [5] the inequality (2) to irregular graphs, proving that the order of every graph Gwith girth g and
average degree d satisfies
n(G) ≥ n0(d; g). (3)
Using (3) it was shown in [3] that, for any r ≥ 3, g ≥ 5, every (r; g)-minimal cage belongs to the extremal set EX(n0
(r; g); {C3, . . . , Cg−1}), and therefore
ex

2
q4 − 1
q− 1 ; {C3, . . . , C7}

= (q+ 1) q
4 − 1
q− 1 ,
for every prime power q. Notice that in particular it implies that ex(80; {C3, . . . , C7}) = 160 and ex(170; {C3, . . . , C7}) =
425. Also, for the same values of q, lower bounds on this function are found in [1] whenever 2 q
4−1
q−1 + 1 ≤ n ≤
2 q
4−1
q−1 + q2 + q + 3. The bounds associated to q ∈ {3, 4}, the lower bounds given in [2] as well as the known exact
values (in bold face) (also found in [2]) are shown in Table 2.
Beginning with a (5; 8)-minimal cage on 170 vertices and removing one by one and in a particular order some of its
vertices, we have constructed new graphs that provide lower bounds on ex(n; {C3, . . . , C7}) for 96 ≤ n ≤ 169.
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Table 2
Exact values (bold face) and lower bounds on ex(n; {C3, . . . , C7}) (see [1,3,2]).
n 0 1 2 3 4 5 6 7 8 9
0 8 9
10 10 12 13 14 16 18 19 20 22 24
20 25 27 29 30 32 34 36 38 40 42
30 45 46 47 49 51 53 55 56 58 60
40 62 64 65 67 69 71 73 75 77 79
50 81 84 86 88 90 93 96 98 100 102
60 105 108 110 112 114 117 120 122 125 128
70 130 133 136 138 141 144 147 150 153 156
80 160 161 162 164 166 168 170 172 174 176
90 178 180 181 183 185 187
170 425 426 427 429 431 433 435 437 439 441
180 443 445 447 449 451 453 455 457 459 460
190 462 464 466 468
Fig. 2. Unique extremal {C3, . . . , C7}-free graphs with girth at least 9.
Theorem 8. For orders 96 ≤ n ≤ 169 the function ex(n; {C3, . . . , C7}) has these lower bounds:
n 0 1 2 3 4 5 6 7 8 9
90 189 191 193 196
100 200 202 205 208 210 213 216 218 221 224
110 227 230 232 235 238 240 243 246 249 252
120 255 258 261 264 267 270 273 276 280 283
130 286 289 293 296 299 302 306 309 312 316
140 320 322 325 328 331 334 337 340 344 347
150 350 354 357 360 364 368 371 374 378 382
160 385 389 393 396 400 404 408 412 416 420
Theorem 9. Let n ≥ 11, n ≠ 13 be an integer. Every graph in the extremal family EX(n; {C3, . . . , C7}) has girth 8.
The graphs displayed in Fig. 2 are the unique ones in the extremal sets EX(n; {C3, . . . , C7}) that have girth at least 9.
3. Proofs
Proof of Theorem 1. Let s ≥ 4 be a given integer. First assume that s + 1 ≤ n ≤ ⌊3s/2⌋. Then ex(n; {C3, . . . , Cs}) = n,
see [6], and hence the cycle Cn is extremal. Thus, n is the maximum girth that a graph in EX(n; {C3, . . . , Cs}) can have.
Now assume that n > ⌊3s/2⌋ and G is a graph on n vertices and girth g(G) ≥ ⌊3s/2⌋ + 1. Let G′ be the graph obtained
by contracting ⌊s/2⌋ edges of G. Since s ≥ 4, the girth of G′ is g(G′) ≥ s + 1 yielding that diam(G′) ≥ ⌊(s + 1)/2⌋. Let
{u1, u2, . . . , u⌊ s2 ⌋} be a set of ⌊s/2⌋ vertices disjoint with V (G′). We choose x, y ∈ V (G′) at distance diam(G′) and consider
a new graph G∗ such that V (G∗) = V (G′) ∪ {u1, u2, . . . , u⌊ s2 ⌋} and E(G∗) = E(G′) ∪ {xu1, u1u2, . . . , u⌊ s−22 ⌋u⌊ s2 ⌋, u⌊ s2 ⌋y}.
This graph G∗ has order n, girth at least s + 1 and one edge more than G. Therefore, the graph G cannot belong to
EX(n; {C3, . . . , Cs}). 
Proof of Theorem 2. For integers s ≥ 4 and n ≥ s+ 1, let G be an arbitrary graph in EX (n; {C3, . . . , Cs}) and xy an edge in
E(G) such that ξ(xy) = Ξ(G) ≥ s−1. If g(G) = s+1, then the theorem is proved. Therefore assume that g(G) ≥ s+2. Note
that N(x)−y = {x1, . . . , xδ(x)−1} and N(y)−x = {y1, . . . , yδ(y)−1} are two disjoint sets and N(xy) = (N(x)−y)∪ (N(y)−x).
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Fig. 3. Illustration of the graphs G and G′ described in the proof of Theorem 2. The new edges are in dashed style.
LetG′ be the graph obtained fromG first by deleting the ξ(xy)−1 edges {xx2, . . . , xxδ(x)−1, xy, yy2, . . . , yyδ(y)−1} and then
by adding the ξ(xy) new ones {x1x2, . . . , xδ(x)−2xδ(x)−1, xδ(x)−1y, y1y2, . . . , yδ(y)−2yδ(y)−1, yδ(y)−1x} (see Fig. 3). This graph G′
has the same order as G and one edgemore than it. Since G is extremal, G′ must contain a cycle C ′ of length less than or equal
to s. Since g(G) ≥ s+ 2, at least one of the new introduced edges in G′ must belong to C ′. Observe that the cycle C ′ cannot
contain all the new edges, because otherwise the length of C ′ would be at least ξ(xy)+ 2 ≥ s+ 1. Therefore, C ′ contains a
path P ⊂ Gwith endvertices u, v ∈ N(xy) and such that dG(w, xy) ≥ 2 for every internal vertexw of P .
To finish the proof we distinguish the following two cases.
Case 1: Suppose that x ∈ V (C ′) and/or y ∈ V (C ′). Without loss of generality, assume that x ∈ V (C ′), therefore
xx1, xyδ(y)−1 ∈ E(C ′) yielding that |E(P)| ≤ s− 2. Since dG(u, v) ≤ 3, there exists another path P ′ in G, of length at most 3,
with endvertices u and v and such that P ∪ P ′ forms a cycle in G. Since the length of this cycle is at most s+ 1, it contradicts
that g(G) ≥ s+ 2.
Case 2: Suppose that x, y ∉ V (C ′). If dG′(u, v) = 1, then both vertices u, v belong either to N(x)−y or N(y)−x and hence
dG(u, v) = 2; if dG′(u, v) ≥ 2, then dG(u, v) ≤ 3. In both cases, since |E(P)| + dG′(u, v) ≤ |V (C ′)| ≤ s, there exists another
path P ′ in G, with endvertices u, v, of length dG(u, v) and such that P ∪ P ′ forms a cycle in G of length at most s+ 1 which is
a contradiction. 
Proof of Theorem 3. First, we establish a relationship between the maximum edge-degree and the average degree of a
graph G.
Claim. Every graph G with maximum edge-degreeΞ(G) has average degree d¯ = d¯(G) ≤ Ξ(G)/2+ 1.
Proof. Since

e∈E(G) ξ(e) ≤ Ξ(G)e(G), it follows
x∈V (G)
δ2(x)− 2e(G) =

e∈E(G)
ξ(e) ≤ Ξ(G)e(G).
Hence 
x∈V (G)
δ2(x) ≤ (Ξ(G)+ 2) e(G).
Furthermore,
x∈V (G)
δ2(x) ≥ d¯ 2n(G),
because using that

x∈V (G) δ(x) = n(G) d¯, we get
0 ≤

x∈V (G)
(δ(x)− d¯)2 =

x∈V (G)
δ2(x)− n(G) d¯ 2.
Then, d¯ 2n(G) ≤ (Ξ(G)+ 2) e(G), and the equality 2e(G) = n(G)d¯ yields that d¯ ≤ Ξ(G)2 + 1. 
Let G be a {C3, . . . , Cs}-free extremal graph G with average degree d¯(G) > s2 . From Claim it follows that Ξ(G) ≥ s − 1.
Thus g(G) = s+ 1 by Theorem 2. 
Proof of Theorem 4. Let us consider an edge xy ∈ E(G) such that ξ(xy) = Ξ and denote a = δ(x) − 1, b = δ(y) − 1.
Without loss of generality, assume that a ≥ b and a ≥ 2. Simply taking into account that Ξ = a+ b, the cardinality of the
neighborhood at distance i of the edge xy can be bounded as follows
|Ni(xy)| ≤

(a+ b)(a b) i−12 if 1 ≤ i ≤ D− 1 and i is odd;
2(a b)
i
2 if 2 ≤ i ≤ D− 1 and i is even;
(a b)
D
2 if i = D and D is even;
b (a b)
D−1
2 if i = D and D is odd.
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Then
n ≤ 2+
D
i=1
|Ni(xy)|
= 2+
⌊(D−2)/2⌋
t=0
|N2t+1(xy)| +
⌊(D−1)/2⌋
t=1
|N2t(xy)| + |ND(xy)|
≤ 2+
⌊(D−2)/2⌋
t=0
(a+ b)(ab)t +
⌊(D−1)/2⌋
t=1
2(ab)t + |ND(xy)|
≤

2+ (a+ b+ 2ab)
(D−4)/2
t=0
(ab)t + (a+ b+ ab)(ab)(D−2)/2 if D even;
2+ (a+ b+ 2ab)
(D−3)/2
t=0
(ab)t + b(ab)(D−1)/2 if D odd.
(4)
Since a, b are positive integers such that a ≥ b and a + b = Ξ , we have b ≤ ⌊Ξ/2⌋, a ≥ ⌈Ξ/2⌉, and the maximum
value that the product a b can reach is when b = ⌊Ξ/2⌋ and a = ⌈Ξ/2⌉. Replacing these results in Eq. (4) we bound next
the order of G.
IfΞ is even, then
n ≤ (Ξ + 2)

Ξ
2
D − 4
Ξ − 2 = n(Ξ ,D).
IfΞ is odd, then
n ≤

(Ξ 2 + 4Ξ + 3)

Ξ2−1
4
 D
2 − (4Ξ + 8)
Ξ 2 − 5 = n(Ξ ,D) if D is even;
(Ξ + 1)3

Ξ2−1
4
 D−1
2 − 8Ξ − 16
2Ξ 2 − 10 = n(Ξ ,D) if D is odd. 
Proof of Theorem 5. Let G be an extremal {C3, . . . , Cs}-free graph with order n ≥ 1+ n1(s) and girth g ≥ s+ 2. According
to Remark 1, without loss of generality we can assume that δ(G) ≥ 2. Furthermore, from Theorem 2,Ξ(G) ≤ s−2 and from
Theorem A, the diameter D of G is at most s− 1. We analyze two cases separately.
Case 1: D = s− 1.
FromΞ(G) ≤ s−2 and δ(G) ≥ 2, it follows that∆(G) ≤ s−2. Let x, y ∈ V (G) be such that d(x, y) = s−1. By TheoremA,
V (G) \ {x, y} = {u : dG(x, u)+ dG(u, y) = s− 1}. Therefore, if s is even
n = 2+
D−1
2
i=1
|Ni(x)| +
D−1
2
i=1
|Ni(y)| ≤ 2+ 2 ∆
D−3
2
i=0
(∆− 1)i
≤ 2+ 2(s− 2)
s−4
2
i=0
(s− 3)i = 2 (s− 2)(s− 3)
s−2
2 − 2
s− 4 .
If s is odd, by Theorem A, every vertex u ∈ N D
2
(x) has degree 2 and therefore |N D
2
(x)| ≤ |N D−2
2
(x)|. Then,
n = 2+
D−2
2
i=1
|Ni(x)| +
D−2
2
i=1
|Ni(y)| + |N D
2
(x)|
≤ 2+ 2 ∆
D−4
2
i=0
(∆− 1)i +∆ (∆− 1) D−42
≤ 2+ 2(s− 2)
s−5
2
i=0
(s− 3)i + (s− 2)(s− 3) s−52
= (3s
2 − 16s+ 20)(s− 3) s−52 − 4
s− 4 .
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Fig. 4. Illustration of the graphs G and G′ described in the proof of Theorem 6. The new edges are in dashed style.
Since, in both cases, the upper bound contradicts the inequality n ≥ 1 + n1(s), the girth of G is s + 1 whenever
D = s− 1.
Case 2: D ≤ s− 2.
In this case, Theorem 4, leads to n ≤ n(Ξ ,D) ≤ n(s− 2, s− 2) = n1(s), which contradicts that n ≥ 1+ n1(s). 
Proof of Theorem 6. For integers s ≥ 7 and n ≥ s + 1, we consider G an arbitrary graph in EX(n; {C3, . . . , Cs})
and xy an edge in E(G) such that ξ(xy) ≥ ⌈(s + 1)/2⌉. Let us assume that g(G) ≥ s + 3. Hence the subgraph
of G induced by N(x) ∪ N(y) ∪ N2(x) ∪ N2(y) is a tree. Let N(x) − y = {x1, x2, . . . , xδ(x)−1} and N(y) − x =
{y1, y2, . . . , yδ(y)−1}. We denote ui any vertex in N(xi) − x and vj anyone in N(yj) − y. Let G′ be the graph obtained from
G by deleting the ξ(xy) − 2 edges {xx2, xx3, . . . , xxδ(x)−1, yy1, yy2, . . . , yyδ(y)−2} and by adding the ξ(xy) − 1 new ones
{u1x2, u2x3, . . . , uδ(x)−2xδ(x)−1, xδ(x)−1y1, v1y2, v2y3, . . . , vδ(y)−2yδ(y)−1}, (see Fig. 4). This graph G′ has the same order as G
but one more edge. Since G is extremal, G′ must contain a cycle C ′ of length at most s. Since g(G) ≥ s + 3, some of the
new edges must lye on the cycle C ′, but it does not contain all of them because otherwise the length of C ′ would be at least
2(δ(x)− 2)+ 2(δ(y)− 2)+ 4 = 2 ξ(xy) ≥ s+ 1. Consequently the cycle C ′ contains a path P ⊂ G, with endvertices u, v
located in G at distance one or two from the edge xy. To finish the proof we distinguish two cases.
Case 1: Suppose that x ∈ V (C ′). Then the vertices x1, y, yδ(y)−1 also belong to C ′ and hence |E(P)| ≤ s − 3. Since
dG(u, v) ≤ 5, there exists another path P ′ in G, of length at most 5, with endvertices u and v and such that P ∪ P ′ is a
cycle in G of length at most s+ 2 contradicting that g(G) ≥ s+ 3.
Case 2: Suppose that x, y ∉ V (C ′). Clearly, if dG′(u, v) = 1, then dG(u, v) ≤ 3, if dG′(u, v) = 2, then dG(u, v) ≤ 4 and
finally if dG′(u, v) ≥ 3 then dG(u, v) ≤ 5. In either case, since |E(P)|+dG′(u, v) ≤ |V (C ′)| ≤ s, there exists a path P ′ ⊂ Gwith
endvertices u, v, of length dG(u, v) and such that P ∪ P ′ is a cycle in G of length at most s+ 2, which is a contradiction. 
Proof of Theorem 9. Let n ≥ 11, n ≠ 13 be a given integer. If n ≥ 194, the result follows from Corollary 1. Now, we assume
that 11 ≤ n ≤ 193, n ≠ 13 and denote by exl(n; 7) either the exact value or the lower bound on ex(n; {C3, . . . , C7}) given
in Table 2 and in Theorem 8.We can check out that d¯(G) ≥ 2exl(n; 7)/n > 3.5 = s/2 for all n ≥ 61. Hence, from Theorem 3,
it follows that the girth of G ∈ EX(n; {C3, . . . , C7}) is seven for all n ≥ 61. So assume that n ≤ 60. For the function n0(r; g)
considered in (2), it is easy to verify that n0

2exl(n,7)
n ; 9

> n. Let us assume that there exists a graph G ∈ EX(n; {C3, . . . , C7})
with girth at least 9. Then,
n0

d¯(G); 9

≥ n0
2exl(n, 7)
n
; 9

> n = n(G).
Since this inequality contradicts (3), it implies that every graph in the set EX(n; {C3, . . . , C7}) has girth 8. 
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